Abstract: This work focuses on connectivity in a pretopological space where the pseudoclosure mapping is an idempotent one.
Introduction
We already illustrated how pretopology generalizes both graph theory and topology [4] . We also established links between matroids and pretopology as well as between hypergraphs and pretopology [6] .
In this paper, we present results concerning strong connectivity [4] and connectivity [7] in the case of a pretopology defined by an idempotent pseudoclosure (we now say an idempotent pretopology).
Different Types of Pretopological Spaces, see [1] [2] [3] [4]
Definition 1. Let X be a non empty set. P(X) denotes the family of subsets of X. We call pseudoclosure on X any mapping a from P(X) onto P(X) such as: We note ∀ A ⊂ X, a 0 (A) = A and ∀ n, n≥ 1, a n (A) = a(a) n−1 (A). We name closure of A the subset of X, denoted F a (A), which is the smallest closed subset which contains A.
F' a , the inverse of the closure generated by a, is defined by:
∀A ⊂ X, F ′ a (A) = {x ∈ X/F a ({x}) ∩ A = ø}.
We note a" = F' a F a (a" is the composed of the mapping F' a and F a ) and F"a the closure according to a". a' inverse of pseudoclosure a is defined as follows:
∀A ⊂ X, a ′ (A) = {x ∈ X/ a({x}) ∩ A = ø}.
a' defines a pretopology on X. We denote F a ′ the closure according to a' and F' a ′ the inverse of the closure according to a' (i.e. F a ′ ). We also denote F" a ′ the closure according to (a')" = F' a ′ F a ′ .
Remark 1.
If a is of V-type then a n , F a , a", F" a also are of V-type and a' and F' a are of V S -type. If a is of V S -type then a n , F a , a", F" a , a', F' a are also V S -type. 3. Results Related to (X, a) and (X, a ′ ) Proposition 1. Let (X,a) a V-type pretopological space. a is idempotent ⇔ F a = a.
Proof. Let us suppose that a is idempotent. Let A ⊂ X. F a (A) is the smallest closed subset including A (by definition of F a ).
But, by idempotence of a, a(A) is a closed subset. Let us prove that a(A) is the smallest closed subset including A: If a(A) is not the smallest closed subset including A, there exists B closed subset different of a(A) such as A ⊂ B and a(B) = B. As A ⊂ B and a is of V-type, we get a(A) ⊂ a(B) = B, which leads to a contradiction.
Then, we can say that a(A) is the smallest closed subset including A and
The converse is obvious. Proposition 2. Let (X,a) a V-type pretopological space. If a is idempotent then a' is idempotent.
Proof. ∀A ⊂ X,
So, we can say: a'(A) = a'(a'(A)).
Proof. If a is idempotent then a' is idempotent (see Proposition 2). Therefore, F a ′ = a' (see Proposition 1). On the other hand, ∀ A ⊂ X,
Definition 4. Let (X,a) a V-type pretopological space. Let A ⊂ X. We define the induced pretopology by a on A, denoted a A , as follows:
(A, a A ) (or more simply A) is called a pretopological subspace of (X, a). Proposition 4. Let (X,a) a V-type pretopological space with a idempotent. Let A ⊂ X, A being a non empty set. We denote F aA the closure according to a A , F' aA the inverse of the closure according to a A , F (aA) ′ the closure according to (aA)', and F (a ′ )A the closure according to (a') A .
On the other hand, whatever C ⊂ A,
At last, according to Proposition 4-i, a A is idempotent. Then (a A )' is idempotent (see Proposition 2), and moreover F (aA) ′ = (a A )' according to Proposition 1.
Ultimately, we get
Subsets and Subspaces x-connected in (X, a)
We shall speak about x-connectivity to indicate one of the following types of connectivity:
Definition 5. (see [1] [6]) Let (X,a) a V-type pretopological space. Proposition 5. (see [6] ) Let (X,a) a V-type pretopological space.
1-(X, a) is strongly connected if and only if
i-If ∀x ∈ X and ∀y ∈ X, there exists a chain in (X, a) from {y} to {x} then (X, a) is connected.
ii-(X, a) is strongly connected ⇔ ∀x ∈ X and ∀y ∈ X, there exists a path in (X, a) from { y } to { x }.
Proposition 6. (see [6] ) Let (X,a) a V S -type pretopological space. (X, a) is connected ⇔ ∀x ∈ X and ∀y ∈ X, there exists a chain from {y} to {x} in (X, a).
Property 2. (see [6] ) Let (X,a) a V-type pretopological space. Let x ∈ X and let y ∈ X.
i-If there exists a sequence x 0 . . . x n of elements of X such as
ii-If there exists a sequence x 0 . . . x n of elements of X such as x 0 = x, x n = y with ∀j = 0,. . . , n-1, x j+1 ∈ a ({x j }) then there exists a path in (X, a) from {y} to {x}.
Property 3. (see [6] ) Let (X,a) a V S -type pretopological space. Let x ∈ X and let y ∈ X.
i-There exists a chain in (X, a) from {y} to { x }⇔ there exists a sequence
ii-There exists a path in (X, a) from {y} to {x} ⇔ there exists a sequence x 0 . . . x n of elements of X such as x 0 = x, x n = y with ∀j = 0,. . . , n-1, x j+1 ∈ a ({x j }).
Définition 7. (see [1] [3]) Let (X,a) a V-type pretopological space. Let A ⊂ X, A being a non empty set.
A is a pretopological subspace x-connected of (X,a) if and only if (A, a A ), as a pretopological space, is x-connected.
(A, a A ) is a greatest x-connected subspace of (X, a) if and only if (A, a A ) is a x-connected subspace of (X, a) and ∀ B, A ⊂ B ⊂ X, A = B, (B, a B ) is not a x-connected subspace of (X, a).
Definition 8. (see [1] ) Let (X,a) a V-type pretopological space. Let A ⊂ X, A being a non empty set. We note (F a ) A the closure obtained by restriction of the closure
A is a x-connected subset of (X, a) if and only if A, endowed with (F a ) A , is x-connected. We shall say that A is x-connected to mean that A is a x-connected subset of (X, a).
A is a x-connected component of (X, a) if and only if A is a x-connected subset of (X, a) and ∀B, A ⊂ B ⊂ X with A = B, B is not a x-connected subset of (X, a).
is a x-connected subspace of (X,a) then A is a x-connected subset of (X,a). ii-If a is an idempotent function, then: A is a x-connected subspace of (X,a) ⇔ A is a x-connected subset of (X, a).
Proposition 8. (see [7] ) Let (X, a) be a V s -type pretopological space. Let { U i , i ∈ I } a family of connected subsets of (X, a) which is a partition of X.
is a connected component of (X, a).

Proposition 9. Let (X, a) be a V-type pretopological space. Let { S i , i ∈ I } a family of non empty subsets of X such as: 1-
. . x n of elements of X such as:
does not exist a sequence x 0 . . . x n of elements of X such as :
ii-∀ i ∈ I, Si is a connected subspace of (X,a).
Proof. i-By definition.
ii-∀ i ∈ I, Si is a connected subspace of (X,a). We can say : ∀ i ∈ I,∀ x ∈ S i ,∀ y ∈ S i , there exists a sequence x 0 . . . x n of elements of X such as x 0 = x, x n = y with ∀j = 0,. . . , n-1, xj+1 ∈ a ({ x j }) or xj ∈ a ({ x j+1 }) and ∀ i ∈ I,∀ k ∈ I, i = k,∀ x ∈ S i ,∀ y ∈ S k , it does not exist a sequence x 0 . . . x n of elements of X such as x 0 = x, x n = y with ∀j = 0,. . . , n-1, xj+1 ∈ a ({ x j }) or xj ∈ a ({ x j+1 }) then, ∀ x ∈ S i ,∀ y ∈ S i , there exists a sequence x 0 . . . x n of elements of S i such as x 0 = x, x n = y with ∀j = 0,. . . , n-1, xj+1 ∈ a ({ x j }) or xj ∈ a ({ x j+1 }) because, otherwise there exists x j ′ element of x0.. . . x n such as x j ′ does not belong to S i then, there exists k ∈ I such as x j ′ ∈ S k (from hypothesis 1) . In this case, there exists a sequence x 0 . . . x n of elements of X such as x 0 = x, x n = x j ′ with ∀j = 0,. . . , n-1, xj+1 ∈ a ({ x j }) or xj ∈ a ({ x j+1 }) which contradicts hypothesis 3 because x ∈ S i and x j ′ ∈ S k . At last, ∀ x ∈ S i , ∀ y ∈ S i , there exists a chain from { y } to { x } in (S i ,a Si ) (Property 2-i)
Which implies S i is a connected subspace of (X,a) (Proposition 5-i) .
Proposition 10. Let (X,a) be a V s -type pretopological space. We assume the same conditions as in Proposition 9. i
-{ S i , i ∈ I } is the set of connected components of (X,a). ii-{ S i , i ∈ I } is the set of the greatest connected subspaces of (X,a).
Proof. i-∀ i ∈ I, Si is a connected subspace of (X,a) (Proposition 9). Thus, S i is a connected subset of (X,a) (Proposition 7-i) .
Let us prove that ∀ i ∈ I, S i = F" a (S i ): From Proposition 9 and Property 3-i,
and ∀ x ∈ S i , S i ⊂ F" a ({ x}) = F" a (Si) (Property 3-i) then ∀ i ∈ I,∀ k ∈ I, i = k,∀ y ∈ S k , {y} is not included in F" a (S i ) which implies F" a (S i ) = S i and leads to the result from Proposition 8.
ii-see [4] .
Proposition 11. Let (X,a) be a V s -type pretopological space. We assume the same conditions as in Proposition 9.
Let x ∈ X and y ∈ X. We get: i-There exists i ∈ I, x ∈ S i and y ∈ S i ⇔ x ∈ F" a ({y}) ii-There exists i ∈ I, there exists j ∈ I, i = j, x ∈ S i and y ∈ S j ⇔ x ∈ F" a ({y}).
Proof. i-and ii-From Property 3-i and Property 4.
Decomposing (X, a) with a Idempotent for Strong Connectivity Proposition 12. Let (X, a) be a V-type pretopological space with a idempotent.
Let x ∈ X and y ∈ X. There exists a sequence x 0 . . . x n of elements of X such as x 0 = x, x n = y with ∀j = 0,. . . , n-1, xj+1 ∈ a ({x j }) ⇔ y ∈ a ({ x}).
Proof. There exists a sequence x 0 . . . x n of elements of X such as x 0 = x, x n = y with ∀j = 0,. . . , n-1, xj+1 ∈ a ({ x j }) implies y ∈ a n ({ x}) hence y ∈ a({x}) by idempotence of a. Conversely: obvious.
Proposition 13. Let (X, a) be a V-type pretopological space with a idempotent.
If { C i , i ∈ I } is a family of non empty subsets of X such as: 1- then for any x ∈ X and y ∈ X. i-There exists i ∈ I, x ∈ C i and y ∈ C i ⇔ y ∈ a({x}) and x ∈ a({y}).
ii-There exists i ∈ I, there exists k ∈ I, i = k, x ∈ C i and y ∈ C k ⇔ y ∈ a({x}) or x ∈ a({y}).
Proof. i-There exists i ∈ I, x ∈ C i and y ∈ C i ⇔ there exists a sequence x 0 . . . x n of elements of X such as x 0 = x, x n = y with ∀j = 0,. . . , n-1, xj+1 ∈ a({x j }) and there exists a sequence x 0 . . . x n of elements of X such as x 0 = y, x n = x with ∀j = 0,. . . , n-1, xj+1 ∈ a({ x j }) (by definition of C i ) which means that y ∈ a({x}) and x ∈ a({y}) (Proposition 12) ii-By converse of i.
Definition 9. Let (X, a) be a V-type pretopological space. Let A ⊂ X with A non empty.
i-A is a clique of (X, a) if and only if ∀ x ∈ A, ∀ y ∈ A, y ∈ a({x}).
ii-A is a maximal clique of (X, a) if and only if A is a clique of (X, a) and ∀ A', A ⊂ A'⊂ X and A =A', A' is not a clique of (X, a).
Proposition 14. Let (X, a) be a V-type pretopological space with a idempotent.
Conditions are the same as in Proposition 13. {C i , i ∈ I} is the set of maximal cliques of (X, a).
Proof. Obvious from Proposition 13.
Proposition 15. Let (X, a) be a V-type pretopological space with a idempotent.
Conditions are the same as in Proposition 13.
i-∀ i ∈ I, C i is greatest strongly connected subspace of (X, a).
ii-∀ i ∈ I, C i is a strongly connected component of (X, a).
Proof. i-Ci is strongly connected subspace of (X, a) (Proposition 13 and Proposition 5-ii) . Let us prove that C i is greatest strongly connected subspace of (X, a):
If not, there exists A such as C i ⊂ A⊂ X and Ci = A and A is greatest strongly connected subspace of (X, a) with A = j∈J A C j (J A ⊂ I) and F aA (C j ) =A, ∀j ∈ JA (see [4] ).
But
which contredicts A greatest strongly connected subspace of (X, a). That means C i is greatest strongly connected subspace of (X, a).
ii-From Proposition 7-ii.
Consequence: In a V-type pretopological space with a idempotent, in particular in the usual topological, maximal cliques provide the greatest strongly connected subspaces which also are the strongly connected components.
6. Decomposing (X, a) with a Idempotent for Connectivity Proposition 16. Let (X,a) be a V s -type pretopological space with a idempotent.
(a ′ a) n (A) (from Propositions 1 and 3).
Proposition 17. Let (X,a) be a V s -type pretopological space with a idempotent.
Conditions are the same as in Proposition 9.
For any x ∈ X and y ∈ X.
i-There exists i ∈ I, x ∈ S i and y
ii-There exists i ∈ I, there exists k ∈ I, i = k, x ∈ S i and y ∈ S k ⇔ x ∈ n≥0 (a ′ a) n ({y}).
Proof. i-and ii-From Proposition 11 and Proposition 16.
Application for Pretopology of Collateral
Proof. a c ({z}) = {x ∈ X/∀y ∈ R −1 (x), R(y)∩{z} = ø}∪{z} = {x ∈ X/∀y
Remark 3. ac is idempotent.
Proof. Let us prove that
If x∈ a c (a c (A)) and x ∈ a c (A) then ∀y ∈ R −1 (x), R(y)∩ a c (A) = ø and there exists y ∈ R −1 (x), R(y)∩A = ø and x ∈ A then ∀y ∈ R −1 (x) such as R(y)∩A = ø, we get: there exists y' such as y' ∈ A, y'∈ R(y) and y'∈ a c (A) then there exists y' such as y' ∈ A, y' ∈ R(y) and ∀y"∈ R −1 (y'), R(y")∩A = ø then there exists y' such as y' ∈ A, y ∈ R −1 (y') and ∀y" ∈ R −1 (y'), R(y")∩A = ø Which implies R(y)∩A = ø ; Not possible.
Remark 4.
For any x ∈ X and y ∈ X. Following assertions are equivalent:
ii-There exists a sequence x 0 . . . x n of elements of X such as x 0 = x, x n = y with ∀j = 0,. . . , n-1, xj+1 ∈ a c ({x j })
iii-R −1 (y) ⊂ R −1 (x) with R −1 (y) = ø or x = y.
Proof. From Remarks 2 and 3 and from Proposition 12.
Proposition 18. Let (X,a c ) a pretopological space with a c collateral pretopology.
For any x ∈ X and y ∈ X. i-1-There exists i ∈ I, x ∈ C i and y ∈ C i ⇔ x = y or (R −1 (y) = ø and
2-There exists i ∈ I, there exists k ∈ I, i = k, x ∈ C i and y ∈ C k ⇔ x = y and (R −1 (y) = ø or R −1 (x) = ø or (R −1 (x) = ø and R −1 (y) = ø with
ii-{C i , i ∈ I} is the set of the greatest strongly connected subspaces of (X,a) and also the set of maximal cliques of (X,a).
Proof. i-1-There exists i ∈ I, x ∈ C i and y ∈ C i ⇔ y ∈ a c ({x}) and x ∈ a c ({y}) (Proposition 13) ⇔ (R −1 (y) ⊂ R −1 (x) with R −1 (y) = ø or x = y) and (R −1 (x) ⊂ R −1 (y) with R −1 (x) = ø or x = y) (Remark 4) ⇔ (R −1 (y) ⊂ R −1 (x) and R −1 (x) ⊂ R −1 (y) with R −1 (x) = ø and R −1 (y) = ø) or (x = y) ⇔ (R −1 (y) = R −1 (x) with R −1 (x) = ø and R −1 (y) = ø) or (x = y). 2-By converse of i-1.
ii-From Propositions 14 and 15.
Proposition 19. Let (X,a c ) a pretopological space with ac collateral pretopology.
Let x ∈ X. Let C(x) greatest strongly connected subspace of (X, a) including x. 
Then, we get 7 greatest strongly connected subspaces (or strongly connected components) or maximal cliques : C(a) = {a,b}, C(d) = {c,d}, C(e) = {e}, C(f ) = {f}, C(g) = {g,h}, C(i) = {i}, C(j) = {j}.
Application Starting from a Transitive Binary Relationship
Let X a non empty set and R a binary relationship defined on X. The pretopology of successors, noted a d , is defined by the following pseudoclosure:
∀ A ⊂ X, a d (A) = {x ∈ X/ R(x) ∩ A = ∅} ∪ A with R(x)= {y ∈ X/ x R y}.
The pretopology of antecedents, noted a a , is defined by: ∀ A ⊂ X, a a (A) = {x ∈ X/ R −1 (x) ∩ A = ∅} ∪ A with R −1 (x) = {y ∈ X/ y R x}.
Let R a transitive binary relationship and (X,a d ) the pretopological space of successors defined from R. In this case, a d is of a V s -type and also idempotent (because of transitivity of R).
We also can say that (a d )' = ((a a )')' = a a (see [8] ). 
